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ABSTRACT
We present a model of evolution of solitary neutron stars, including spin parameters,
magnetic field decay, motion in the Galactic potential and birth inside spiral arms. We
use two parametrizations of the radio-luminosity law and model the radio selection
effects. Dispersion measure is estimated from the recent model of free electron distri-
bution in the Galaxy (YMW16). Model parameters are optimized using the Markov
Chain Monte Carlo technique. The preferred model has a short decay scale of the mag-
netic field of 4.27+0.4−0.38 Myr. However, it has non-negligible correlation with parameters
describing the pulsar radio luminosity. Based on the best-fit model, we predict that
the Square Kilometre Array surveys will increase the population of known single radio
pulsars by between 23 and 137 per cent. The Indri code used for simulations is publicly
available to facilitate future population synthesis efforts.
Key words: stars: neutron – stars: statistics – pulsars: general – methods: numerical
1 INTRODUCTION
Evolution of neutron stars (NS) has been a subject of intense
studies in the past. These objects are primarily observed as
radio pulsars but can also be seen in other bands like the X-
rays, gamma rays as well as in the optical range. There have
been numerous efforts to model the radio population. Most
notably the works of Narayan & Ostriker (1990), Faucher-
Gigue`re & Kaspi (2006), Gonthier et al. (2007) then Kiel
et al. (2008), Kiel & Hurley (2009), Os lowski et al. (2011)
and in recent years Levin et al. (2013), Gullo´n et al. (2014),
and Bates et al. (2014). For an in-depth review of population
synthesis efforts see Popov & Prokhorov (2007) and Lorimer
(2011).
We base our motivation to revisit the radio population
of pulsars on the improved model of the electron density in
the Galaxy Yao et al. (2017), and the availability of Markov
Chain Monte Carlo (MCMC) to explore the multidimen-
sional parameter space due to the extended computational
power. We restrict our analysis to the evolution of the single
pulsars from their birth in a supernova explosion to the mo-
ment they no longer can be detected in the radio waveband.
We do not consider binary evolution and interactions there-
? E-mail: mcie@camk.edu.pl
fore treatment of millisecond pulsars is beyond the scope
of this paper. We do not simulate the full stellar and bi-
nary evolution that leads to formation of pulsars, such as
was done by Kiel et al. (2008), Kiel & Hurley (2009) and
Os lowski et al. (2011) and therefore we start with pulsars
progenitor distribution as an input parameter to the simu-
lation. We provide the Indri source code1 with an intent that
one can fully reproduce our results upon access to a small
cluster2, expand the scope of the simulation, use different
data cuts or jump-start further development.
The paper is arranged as follows: in section 2 we explain
the Galactic model, the kinematics of pulsar population, the
evolution of the pulsars period and the magnetic field, lu-
minosity models, the selection effects as well as the mathe-
matical representation of the model, in section 3 we describe
the construction of the likelihood of the model upon com-
parison with survey data and describe the implementation
of the Mertropolis-Hasting MCMC method, in section 4 we
present the results obtained in the simulation, we discuss
them in the section 5 , and we summarize in section 6.
1 The code can be obtained from the GitHub repository http:
//github.com/cieslar/Indri
2 At the time of writing we define such machine as an approxi-
mately 200-cores cluster.
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2 THE MODEL
There are two broadly independent parts that are needed
to describe the evolution of NSs. The first part is connected
with the dynamical evolution of NSs in the gravitational
potential of the Milky Way, and the second describes the
intrinsic evolution in time of each neutron star as a radio
pulsar. The model is roughly following the one presented by
Faucher-Gigue`re & Kaspi (2006). In the following section
we concentrate on the differences between our model and
Faucher-Gigue`re & Kaspi (2006), while the identical com-
ponents are presented in the Appendix A. We assume that
the pulsars birth time has a uniform distribution. We model
the evolution over a period of tmax = 50 Myr. It is important
to note that the characteristic age τ = P/2 ÛP can reach much
higher values than tmax because of the magnetic field decay
(see discussion in 5.1.7).
2.1 The Milky Way
2.1.1 The equation of motion - integration method
We use the Verlet method (Verlet 1967) to propagate pul-
sars through the Galactic potential. Following a Monte Carlo
experiment (simulated motion of few millions of random pul-
sars), we found that the maximal time step can not exceed
dtmax = 0.1 Myr in order to limit the loss of the total energy
to 1% due to the numerical errors. The actual time step dtact
is lower then dtmax and it’s equal to:
dtact =
tage
tage
dtmax
+ 1
(1)
We discard pulsars which are more than 35 kpc away from
the Galactic centre at the end of the simulation.
2.2 The neutron star physics
We assume constant values for the radius (RNS = 10 km),
the mass (MNS = 1.4 M) and the moment of inertia (INS =
1045 g cm2) of each neutron star.
2.2.1 The magnetic field decay
Following Os lowski et al. (2011) we assume that the mag-
netic field decays due to the Ohmic dissipation. For recent
advanced we refer to the work of Igoshev & Popov (2015),
though we simplify the time dependence of the decay to an
exponential function. The decay model is parametrised by
the time-scale ∆:
B(t) = (Binit − Bmin) exp
(−t
∆
)
+ Bmin (2)
To be consistent with our previous work Os lowski et al.
(2011), and with Kiel et al. (2008), we use the minimum
value of the magnetic field given by Zhang & Kojima (2006).
We draw it from a log-uniform distribution:
107 G < Bmin < 108 G (3)
The results do not depend on the choice of Bmin since the
pulsars with such small magnetic field are not included in
the comparison sample as they no longer emit in radio.
2.2.2 The evolution in time
The boundary conditions for the pulsars evolution are their
initial and final magnetic field strength Binit, Bmin as well the
spin period at birth Pinit. To obtain a set of values P and B
at the time tage we integrate the radiating magnetic dipole
(equation A9) by supplying it with the magnetic field decay
(equation 2):
P(tage) = 1
η
√
2
∫ tage
0
(
B2(t)dt) + P2init (4)
where η ' 3.2 × 1019 G s−1/2.
P(tage) =
(
1
η2
(
(Binit − Bmin)2
(
1 − e−
2tage
∆
)
∆ +
+4Bmin (Binit − Bmin)
(
1 − e−
tage
∆
)
∆ + 2B2mintage
)
+ P2init
) 1
2
(5)
We obtain ÛP by inserting P(tage) in equation A9.
2.3 Radio Properties
2.3.1 The phenomenological radio luminosities
Since the first pulsar detection (Hewish et al. 1969), their ra-
dio emission process is still in debate (Beskin et al. 2015). In
our work we assume a simple model of pair creation. Though,
due to the phenomenological treatment of the luminosity it
does not add any constraints, it is of significance only while
considering the death lines (see section 2.3.2). In this paper
we use two different a priori assumptions about the radio
luminosity.
The two-parameter power law. The general approach
to describe the phenomenological relation between the P
period, period derivative ÛP and the radio luminosity Lν at
frequency ν is a power law with two parameters α, β and a
scaling factor γ see e.g. Faucher-Gigue`re & Kaspi (2006) and
Bates et al. (2014):
L400,p−l = γPα ÛPβ15 mJy × kpc2, (6)
for the observational frequency ν = 400 MHz.
The rotational energy power law. A more restricted
model is the one in which the luminosity is proportional to
the rotational energy loss see e.g. Narayan & Ostriker (1990):
Lrot ≡ − ÛErot = 4pi
2 ÛP
P3
, (7)
L400,rot = γ
(
ÛP
1
3
15P
−1
)κ
mJy × kpc2. (8)
We include the correction Lcorr proposed by Faucher-Gigue`re
& Kaspi (2006) and adopted by Bates et al. (2014) to both
radio flux laws (eq. 6 and 7):
log L400 = log
(
L400,rot/p−l
)
+ Lcorr (9)
The Lcorr is randomly drawn from the normal distribution
with σcorr = 0.8 and accounts for spread of observed pop-
ulation around any parametric models of radio luminosity.
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Figure 1. Death Area (DArea) - the effective emission probability.
Solid dark lines - canonical death lines (DLine) by Rudak & Ritter
(1994). Grey points - sub selection of ATNF catalogue used in
the simulation.
We assume that the radio spectrum can be described by a
power law:
Lν = Lν0
(
ν
ν0
)αsp
(10)
with the spectral index αsp = −1.4 (Maron et al. 2000). Pul-
sar emission is highly anisotropic. In order to model the ge-
ometry of the beam from a pulsar we incorporate the beam-
ing factor following Tauris & Manchester (1998). For a pul-
sar with the period P we calculate the beaming fraction f (P)
in percent:
f (P) = 9 ×
(
log
P
10s
)2
+ 3 (11)
and determine the visibility of each pulsar assuming random
orientation.
2.3.2 Death lines – death areas
In the canonical emission process (see Pacini 1967; Gold
1968) the radio waves are emitted due to the e± pair creation
and their acceleration and cascade creation in the presence
of strong magnetic field. The pulsars radio emission process
stops when the processes cannot be sustained (Rudak & Rit-
ter 1994). These so-called death-lines are defined as:
log ÛP = 3.29 × log P − 16.55, (12)
log ÛP = 0.92 × log P − 18.65. (13)
Any pulsar crossing them during its evolution is considered
radio inactive. However, such model contradicts the obser-
vations as a number of pulsars lie below these lines. This
discrepancy can be attributed to the fact that death lines
are devised for a specific structural model and parameters of
the neutron star. Similarly to Arzoumanian et al. (2002), we
propose a phenomenological function to smooth the death
lines into a continuous death area (see Figure 1). We propose
a following formula:
DArea(P, ÛP) = 1
pi
arctan
(
log P −DLine(log ÛP)
Ψ
)
+ 0.5. (14)
The value of Ψ parameter is set to 0.2 in order for the prob-
ability of radio activity to change in the range of d log P ∼ 1.
2.3.3 The dispersion measure
We compute the dispersion measure DM for each pulsar in
the model population using the new and updated model
of the electron density in the Milky Way (Yao et al. 2017,
YMW16). The Indri code can also use the NE2001 model
(see Cordes & Lazio 2002, 2003).
2.4 The computations
2.4.1 The mathematical representation
To mathematically represent the model we construct pulsar
density in a three-dimensional space and smooth it with a
Gaussian kernel. This comparison space is spanned by the
period P, the period derivative ÛP and the flux at 1400 MHz,
S1400 (shortened to S hereafter). The Gaussian averaged
number of pulsars at a particular point (specified by in-
dices k, l,m) of the comparison space logPk -log ÛPl-logSm is
expressed by:
ρ¯klm =
PSR∑
b
1
(2piσcs) 32
exp
(
−(logPb − logPk )
2
2σ2cs
)
·
exp
(
−
(
log ÛPb − log ÛPk
)2
2σ2cs
)
exp
(
−(logSb − logSk )
2
2σ2cs
)
,
(15)
where σcs is equal to 0.2. The particular value of the meta-
parameter σcs has been heuristically chosen based on the
behaviour of the model. Too low and the algorithm (de-
scribed in section 3.2) would never converge. Too large and
the model would reflect and find only the maximum of the
three-dimensional distribution in the log P-log ÛP-log S space.
To normalise the ρ¯klm we use the sum R over all relevant
points (located near observations):
R =
∑
l,k,m
ρ¯klm (16)
And then, construct the normalised, Gaussian averaged, pul-
sar density:
ρklm =
1
R
ρ¯klm (17)
For the ease of notation we re-index the k, l,m indices with
single i-index traversing all combinations of the k, l,m set. So
that ρiBρklm represents a distinct point in the logPk -log ÛPl-
logSm space.
2.4.2 The performance of the evolutionary code
We have found that the main performance bottleneck in our
computations is the evaluation of the dispersion measure in
MNRAS 000, 1–16 (2020)
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the YMW16 model. The code provided by Yao et al. (2017)3
was not intended to be a part of a high performance com-
putation and thus, we faced a choice. We could scale back
the computation and abandon the Monte Carlo approach of
the parameter search. Or we might make the galactic part
of the model static losing the ability to test supernova kicks
and initial position assumptions. We chose the latter option.
The resulting algorithm is executed in two steps:
(i) We simulate the motion in the galactic potential (as
described in the 2.1 section). The goal is to have one mil-
lion neutron stars that are in the sky-window of the Parkes
Survey. This number of pulsars is chosen for practical, com-
putational reasons. We call this set of stars the geometrical
reference population.
(ii) We take the geometrical reference population (the age,
dispersion measure and distance) and use it as an input for
physical computation (the 2.2 section). We use each NS from
the geometrical reference population 5 times, i.e. we place
five different model pulsars at each location, so that they
have the same position in the sky and the same dispersion
measure. The evolution computations finish with the radio-
visibility test (the 2.3 section). We check whether the pulsar
is beaming towards Earth and if it is emitting radio waves
according to the death area criteria. If both conditions are
satisfied we compute the luminosity L400 and the detected
flux on Earth. To finish the test we check if the pulsars flux is
higher then his minimal detectable flux. The population that
satisfies the radio-visibility test is called the model popula-
tion. This step ends with the computations of the likelihood
statistic in the comparison space (see the 3.1.2 section).
The first step is done only once while the second step is
used for the intensive Monte Carlo computations described
in the following section. Such scheme allows us to investigate
the model by using a population of five million pulsars. We
note that should the YMW16 model be rewritten in com-
putationally efficient way, it would be possible to carry out
the simulation with the inclusion of a parametrisation of the
initial positions, the SN kicks, and the Galactic potential.
3 COMPARISON WITH OBSERVATIONS
3.1 The observations
For the verification, we compare our model with a subset of
the Australia Telescope National Facility Pulsar Catalogue4
(Manchester et al. 2005). We perform the following cuts to
select an unbiased sample of pulsars:
(i) we preselect single pulsars with measured necessary pa-
rameters (P, ÛP, S1400, l, b, and DM),
(ii) we choose only the pulsars that have been observed by
the Parkes Multibeam Survey (Manchester et al. 2001),
(iii) since we focus on the evolution of single pulsars we ne-
glect the potentially recycled ones by requiring the inferred
surface magnetic field to be greater then 1010 G.
3 We use the version 1.2.2 from www.xao.ac.cn/ymw16/
4 version 1.54, http://www.atnf.csiro.au/research/pulsar/
psrcat
With these cuts we obtained a subset of 969 pulsars. In order
to be consistent, we perform the second and third cuts as
throughout the model population as well.
3.1.1 The comparison between model and observations
The pulsars density described in section 2.4.1 can be ex-
pressed for both the model (ρ → m) or the observations
(ρ→ o). For a given i-th point of the comparison space, we
compare the model mi pulsar density with the observed oi
pulsar density. Using the central limit theorem, we assume
that the probability that the measured density oi has its
value given the model density mi is described by a normal
distribution:
Pi(θ¯) = P(mi(θ¯), oi) = 1√
2pi
exp
(
−(mi(θ¯) − oi)
2
2
)
(18)
where we denoted the model parameters as θ¯. For numerical
reasons, it more convenient to work with the logarithm of
the probability Pi :
lnPi(θ¯) = − ln(
√
2pi) − (mi(θ¯) − oi)
2
2
(19)
3.1.2 Likelihood
In order to find optimal parameters for the model we use the
likelihood statistic. In general, the likelihood L of n indepen-
dent variables x1, . . . , xn drawn from an unknown probability
distribution parametrised by θ¯ is expressed by a joint prob-
ability function f :
L(θ¯ ; x1, . . . , xn) = f (x1, x2, . . . , xn | θ¯) (20)
The joint probability function f is a product of probability
functions g:
f (x1, x2, . . . , xn | θ¯) =
n∏
i=1
g(xi | θ¯). (21)
In our case, due to the finite number of points in the com-
parison space, the independent variables x1, . . . , xn are rep-
resented by the points mi (as defined in the section 2.4.1 and
3.1.1). The probability density function g is represented by
P (equation 18):
L(θ¯) =
∏
i∈Ω
Pi(θ¯) (22)
where Ω denotes the set of points at which we calculate the
pulsars density ρi . For our computation we use the logarithm
of the likelihood:
lnL(θ¯) =
∑
i∈Ω
lnPi(θ¯) (23)
3.2 Markov chain Monte Carlo
To find the most probable parameters of the model we use
the Markov chain Monte Carlo technique (MCMC). For the
discussion of this widely used and established concept we
refer to the works of Tarantola (2005), MacKay (2003) or
Sharma (2017). In our case, we use the Metropolis-Hastings
random walk (Hastings 1970) approach to construct chains
of likelihood values. At the start of each chain, the param-
eter vector θ¯ is randomly drawn from the whole available
MNRAS 000, 1–16 (2020)
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parameters subspace (see Table 1 and section 4 for parame-
ters definitions) using a flat distribution in each dimension.
During the random walk phase, the new set of parameters
is drawn according to the normal probability distribution
centered at the old set of parameters. The drawing is done
independently for each i-th parameter:
P(θin, θip) =
1√
2piσ2
θ i
exp
(−(θin − θip)2
2σ2
θ i
)
(24)
where the σθ i is set to a
1
3 -th of the parameter interval
(for the interval description see Table 1). To draw parame-
ters whose initial distribution is log-normal, we replace the
value of the parameter with its logarithm in equation 24. If
the newly drawn parameter is outside of bounds the pro-
cedure is repeated. Following the methodology presented
by Mosegaard & Tarantola (1995) we use the likelihood-
modified step function to decide if the chain will move to
the next location in the Metropolis-Hastings algorithm:
Rpn = L(θ¯n)L(θ¯p)
(25)
where p and n denote the previous and next set of param-
eters θ¯ of a given step. If Rpn > 1, the jump is certain. If
it is Rpn < 1 then a jump to next set of parameters is done
with the probability equal to Rpn. The calculations are re-
peated until the distribution of chain end-points becomes
subjectively stable.
3.2.1 Optimization and verification of the MCMC
We have learnt that some of the Markov chains converge
on the maximum too slowly or not at all (should they be
initially located too far from the extrema in the parameter
space). This is well known, general problem of MCMC meth-
ods. It differs between algorithms and techniques and can be,
depending on the technique, minimized to some extent. In-
stead of implementing more sophisticated method (see Gilks
et al. 1995; Foreman-Mackey et al. 2013), we did two kinds
of simulations. A general one, with a broad step-size to pin-
point the general area of the maximum of the likelihood (as
described in previous subsection). And a second one, start-
ing from a single point in the vicinity of the maximum of
likelihood with four times smaller step-size (a 112 -th of the
parameter interval described in Table 1). . We have run 1000
chains, each 5000-links long. We confirmed that the chains
reach stability by computing the integrated autocorrelation
time IAT5(see Goodman & Weare 2010). The maximum IAT
values, among all marginal parameters distributions, were
279 and 176 links for the power-law and rotational model,
respectively.
4 RESULTS
We limited our studies to two models – the power-law and
the rotational model. They differ in the phenomenological
description of the radio luminosity (see section 2.3.1). To
5 We used the procedure acor from the https://github.com/
dfm/acor repository.
Parameter Min value Max value Space
α −2. 2. 1
β −0.5 1. 1
κ 0.2 1.4 1
γmJy 10−4 104 log
∆Myr 100 102 log
B̂init G 1012 1013 log
σBinit G 10
0.25 100.7 log
P̂init s 0.01 0.6 1
σPinit s 0.01 0.6 1
Table 1. The constraints of the parameters. The Space column
indicates whether the parameters axis is linear or logarithmic. It
also correspond to the parameters jump probability distribution
– normal or log-normal, respectively. The α, β, and κ parameters
are dimensionless.
describe them, we use a 8 (for the power-law model) or
7 (for the rotational model) parameters listed in Table 1.
Four of the parameters are used to describe the initial con-
ditions: distributions of magnetic fields (B̂init, σBinit ) and pe-
riods (P̂init, σPinit ). One parameter (∆) is associated with the
decay scale of the magnetic field. And the remaining three
(γ, α, β) in case of the power-law or two (γ, κ) in the rota-
tional model describe the radio luminosities.
4.1 The parameters marginal space
To visualize the multidimensional parameter space, we
present one and two dimensional marginalised posterior dis-
tributions. The two dimensional results for power-law and
rotational models are presented in Figures 2 and 3, respec-
tively. The one-dimensional marginalised posterior distribu-
tions are shown in Figure 4.
4.1.1 The marginal distribution
The two-dimensional marginal probability distribution of
the i-th and j-th parameters (denoted as Dθi j ) is expressed
by marginalizing the full-dimensional probability distribu-
tion Dθ¯ upon all other parameters (Ω′ represents the pa-
rameter space excluding i-th and j-th dimensions):
Dθi j =
∫
Ω′
Dθ¯dΩ′ (26)
Similarly, the one-dimensional marginal distribution of the
i-th parameter Dθi is expressed by:
Dθi =
∫
Ω′′
Dθ¯dΩ′′ (27)
where Ω′′ represents the parameter space excluding all but
the i-th dimension. To obtain the continuous probability
density function (Cθi j and Cθi ) of the marginal distribution
(Dθi j and Dθi ) we use the Gaussian kernel density estima-
tion method (Scott 2015) with a bandwidth h (a function of
number of points n and dimensions d):
h(n, d) = n −1d+4 , (28)
4.1.2 The most probable value and significance levels
We denote the most probable value (MPV) – the maximum
of the marginal, continuous probability density function for
MNRAS 000, 1–16 (2020)
6 Marek Cies´lar et al.
-1
.5
4
-0
.9
2
-0
.3
1
0.
31
0.
92
1.
54
α
-0
.3
3
-0
.1
0
0.
13
0.
37
0.
60
0.
83
β
0.
23
0.
54
0.
85
1.
15
1.
46
1.
77
log ∆
12
.1
2
12
.2
7
12
.4
2
12
.5
8
12
.7
3
12
.8
9
log B̂init
0.
30
0.
37
0.
44
0.
51
0.
58
0.
65
log σBinit
0.
09
0.
18
0.
27
0.
35
0.
44
0.
53
P̂init
0.
09
0.
18
0.
27
0.
35
0.
44
0.
53
σPinit
1.
15
1.
29
1.
43
1.
57
1.
71
1.
85
lo
g
γ
-1
.4
0-0
.8
4-0
.2
80
.2
80
.8
41
.4
0
α
-0
.2
8-0
.0
70
.1
50
.3
60
.5
70
.7
8
β
0.
30
0.
58
0.
86
1.
14
1.
42
1.
70
lo
g
∆
12
.1
512
.2
912
.4
312
.5
712
.7
112
.8
5
lo
g
B̂
in
it
0.
32
0.
38
0.
44
0.
51
0.
57
0.
63
lo
g
σ
B
in
it
0.
11
0.
19
0.
27
0.
35
0.
43
0.
51
P̂
in
it
Figure 2. The power-law model – MCMC marginal parameter space. The 1D marginal distribution express the auto-scaled, normalised
probability density dN/(Ndi) where i is appropriate parameter according to the plot. On the 2D contour plot the colours represent the
1, 2, 3 − σ levels. We constrained the range of the γ posterior to zoom in on the populated part of the phase space.
each parameter (see Table 2). For confidence levels we use
the 1, 2, 3 − σ ranges corresponding to the 68.27, 95.45, and
99.73 per cent of the distribution. The σ ranges are com-
puted by integrating the probability around the MPV.
4.1.3 Correlation coefficients
In the Table 3 we present the linear correlation coefficient r:
r =
∑n
i=1(xi − x¯)(yi − y¯)√∑n
i=1(xi − x¯)2
√∑n
i=1(yi − y¯)2
(29)
for both models for each pair of the parameters, where n is
the number of chains in the final analysis.
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Figure 3. The rotational model – MCMC marginal parameter space. The 1D marginal distribution express the auto-scaled, normalised
probability density dN/(Ndi) where i is appropriate parameter according to the plot. On the 2D contour plot the colours represent the
1, 2, 3 − σ levels. We constrained the range of the γ posterior to zoom in on the populated part of the phase space.
4.2 The resulting population
For both sets of the MPVs (for the power-law and rotational
models) we computed a population of pulsars. We show the
visible in the Parkes Multibeam Survey part of the popula-
tion of the Figure 5. The method of presenting the pulsar
density in two dimensional marginalisations of the compar-
ison space (P- ÛP-S) is the final verification of the obtained
results. As can be seen in the second row for the power-law
model and in the third row of the Figure 5 for the rotational
model, the fit of the modelled data to the observations can
not be considered incorrect. We note that our simulation
scheme always under estimates the data density – this be-
haviour can be seen as the pulsars density does not encom-
pass the corresponding contour lines of the observations.
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Figure 4. The comparison of the marginal distributions for both models. The 1-sigma level is derived by using Gaussian Kernel Density
Estimation (black line) by integrating the probability from the Most Probable Value (dotted line). We constrained the range of the γ
posterior to zoom in on the populated part of the phase space.
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Figure 5. Observations – the subset of the ATNF catalogue (first row), power-law model (second row), and rotational model in the
two-dimensional marginalisations of the comparison space P- ÛP-S. The colours indicate density levels for a given pair of dimensions i,j
(for e.g. i = P and j = ÛP for the first column). The contour lines relate to the observations in each plot. The dots represent observations
that lay in the region with extremely low density.
5 DISCUSSION
5.1 The model
5.1.1 Initial period distribution
We reached quite narrow initial period parameter distribu-
tions with most probable values equal to: Pˆinit ≈ 0.03 s and
MNRAS 000, 1–16 (2020)
10 Marek Cies´lar et al.
Parameter Most Probable Value
power-law model
α −0.37+0.22−0.21
β 0.26+0.04−0.02
log (γ/mJy) 1.40+0.06−0.04
log (∆/Myr) 0.56+0.10−0.06
log
(
B̂init/G
)
12.66+0.01−0.03
log
(
σBinit/G
)
0.35+0.01−0.01
P̂init s 0.03+0.03−0.01
σPinit s 0.04
+0.04
−0.02
rotational model
κ 0.71+0.03−0.04
log (γ/mJy) 1.32+0.01−0.02
log (∆/Myr) 0.63+0.04−0.04
log
(
B̂init/G
)
12.67+0.01−0.02
log
(
σBinit/G
)
0.34+0.02−0.01
P̂init s 0.05+0.03−0.02
σPinit s 0.07
+0.02
−0.02
Table 2. The most probable values (MPV) with one-σ confidence
level (the upper and lower limit). The α, β, and κ parameters are
dimensionless.
The power-law model
α β log ∆ log B̂init log σBinit P̂init σPinit
log γ 0.74 0.23 -0.18 -0.50 -0.14 -0.28 -0.57
α 0.65 -0.64 -0.38 -0.04 -0.17 -0.32
β -0.78 0.01 0.12 0.04 0.14
log ∆ -0.22 0.17 0.02 -0.04
log B̂init 0.38 0.15 0.27
log σBinit 0.16 0.28
P̂init -0.08
The rotational model
κ log ∆ log B̂init log σBinit P̂init σPinit
log γ -0.35 0.25 -0.15 -0.01 -0.10 -0.21
κ -0.27 0.24 0.02 0.07 0.24
log ∆ -0.54 0.50 0.06 0.06
log B̂init 0.34 -0.01 -0.09
log σBinit 0.15 0.17
P̂init -0.37
0.0 0.2 0.4 0.6 0.8 1.0
The absolute value of the linear correlation coefficient
Table 3. The linear correlation coefficient matrices. The colour
represent the absolute value of correlation coefficients.
0.05 s for the power-law and rotational model, respectively.
They both cover similar range of vales but the preferred
mean value for the power-law model is significantly lower. In
case of the standard deviation parameter of the initial period
distribution we found out to be the most likely: σPinit ≈ 0.03 s
and 0.07 s for the power-law and rotational model, respec-
tively.
The resulting distributions of initial periods in both
cases are in agreement with the predictions made by Blondin
& Mezzacappa (2007). However the hydrodynamic simula-
tions lead to contradictory results (Rantsiou et al. 2011). In
comparison to other population synthesis, in the works of
Popov et al. (2010) they concluded that Pˆinit ≈ 0.25 s with
σPinit ≈ 0.0001 s, while Faucher-Gigue`re & Kaspi (2006) ob-
tained the values Pinit = 0.3 s and σPinit = 0.15 s. The main
difference between our results and Faucher-Gigue`re & Kaspi
(2006) is the inclusion of magnetic field decay which can be
interpreted as an accelerator for the pulsar movement on
the P- ÛP plane. Thus, the population can have faster initial
periods as it evolves to the same final population. Moreover,
Popov et al. (2010) included the magnetic field decay and
reached similar values as Faucher-Gigue`re & Kaspi (2006).
Therefore, we are convinced the discrepancy with previous
results is due to better sampling of the parameter space.
In particular, we evaluated a larger number of models and
didn’t manually constrain the prior ranges.
5.1.2 Initial magnetic field distribution
The distribution of initial magnetic fields is almost iden-
tical in both models with the mean log Binit ≈ 12.66 and
logσBinit ≈ 0.34). Those results are consistent with find-
ings of Faucher-Gigue`re & Kaspi (2006) where they ob-
tained logBinit = 12.65 and σBinit = 0.55. In the work of
Popov et al. (2010), authors reached larger value of the
mean logBinit = 13.25 with σBinit = 0.6. Such initial distri-
bution of values means that no pulsar has initial field less
then log Binit ≈ 11. Such conclusion is consistent with the fact
that if such pulsars with low magnetic field strength existed
they would be clearly observable in the radio band. Fur-
thermore, their evolution would be very slow which would
increase their detection probability. The lack of observed
pulsars in the region of P ≈ 0.1 s and ÛP ≈ 10−17 − 10−18 ss−1
implies that no quick spinning pulsars with magnetic field
below log Binit ≈ 11 are formed.
5.1.3 The rotational radio-emission model
In the rotational model we obtained the value of the expo-
nent κ in range between 0.67 and 0.74. Upon translating to
Lrot (see eq. 7), we see that its exponent 13 κ ranges from
0.22 to 0.24. This result disagrees with values obtained by
Gullo´n et al. (2014) in the range from 0.45 to 0.5. We sus-
pect that not including any radio switch-off mechanism (e.g.
death lines) and limiting the comparison space to only P- ÛP
could play a significant role in the difference.
5.1.4 The power-law radio-emission model
We found the power-law exponents to be in range from 0.24
to 0.30 for the β and from −0.58 to −0.15 for the α. We see
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Figure 6. The comparison (upper plot) and difference (lower
plot) of the distribution of the radio-flux of the observations, the
power-law model, and the rotational model.
that our most probable values, α = −0.58 and β = 0.26, are
in 2-σ range of the results obtained by Bates et al. (2014):
α = −1.12 and β = 0.28. In comparison with (Faucher-
Gigue`re & Kaspi 2006): α = −1.5, β = 0.5, we differ more
than 3 standard deviations. The difference can be explained
by the inclusion of the magnetic field decay which does ex-
hibit a strong correlation with other parameters describing
the luminosity model (see Table 3 for α, β, γ, and ∆ param-
eters), and an improved sampling of the parameter space.
5.1.5 The fit of radio luminosity laws
Although the fit in the 2D marginal distributions of the
comparison space (second and third column of the Figure
5) seems to be in general agreement with the observations,
the comparison of the radio-flux distribution (see Figure 6)
shows some discrepancies. Our models underestimates the
lower radio-fluxes, and overestimates the brightest objects.
Both models behave in the same way pointing to a possible
systematic error in the method, or model description. The
coupling of the P- ÛP-S in both the optimisation (compari-
son space), period evolution and radio-luminosity law, may
have degenerated the problem – leading to too few observa-
tional constraints with regard to the number of free parame-
ters. We also note that the introduction a phenomenological
death area (see eq. 14) might have altered the distribution
of pulsars in the P- ÛP plane (see Figure 5). We excluded the
parameter Ψ from our current analysis due to the complex-
ity reduction of the computations. We plan to include the
analysis of the death area in our future work.
5.1.6 The kicks distribution
We are aware that Hobbs et al. (2005) may be an imperfect
distribution of the SN kicks, as stated in Faucher-Gigue`re &
Kaspi (2006) or more recently in Verbunt et al. (2017). How-
ever, the spatial distribution (see section 2.4.2 ) is beyond
the scope of this work. Moreover, by employing the Parkes
Multibeam Survey, we focus only on the Galactic disk to-
wards the centre of the Galaxy (see Table 4), thus limiting
our study to a younger subset of the whole Galactic pop-
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Figure 7. The cumulative distribution of the pulsars ages in the
observed population. Lines – simulation limited to maximum age
tage = 50 Myr, Dots – simulation limited to maximum age tage =
200 Myr
.
ulation. Any possible discrepancies in the kicks model are
neglected by this choice.
5.1.7 Pulsar ages
We found that, within our model, a fraction of less then 1%
of pulsars is older then 50 Myr (see Figure 7). Because those
pulsars do not contribute in any significant way to the likeli-
hood and as a result to MCMC and parameter estimation (a
smaller 200-chains test yielded similar results to presented
therein), we neglected this part of population. We limited
the maximum age of pulsars to be tage 6 50 Myr. We do not
contradict the observed kinematic ages distribution (Nout-
sos et al. 2013). Our study is focused on the Galactic disk
population (see Table 4) and we are unable to effectively
compare with older kinematic-population. Moreover, by the
inclusion of the magnetic field decay, we greatly speed up
the pulsars evolution track on the P- ÛP plane. This may lead
to incorrect comparison between the evolution (simulation)
age and the characteristic age distribution. By computing
the characteristic age
τ =
P
2 ÛP , (30)
we show in Figure 8 that the distribution of models resem-
ble the observed sample and that it is possible to produce
pulsars with τ>50 Myr.
5.1.8 Estimated SN rate
To derive the supernova rate from our models, we assume
that the modelled and real populations have similar age
(tmax = 50 Myr), and that the ratio of the number of visible
MNRAS 000, 1–16 (2020)
12 Marek Cies´lar et al.
2 4 6 8 10
Characteristic age log10(τ/[yr])
0.0
0.2
0.4
d
N
/(
N
d
lo
g
τ
) Model power-law
Model rotational
Parkes
Figure 8. The probability density function of the characteris-
tic age τ = P/(2 ÛP) in the reference ATNF subset for the Parkes
Multibeam Survey and models.
Parameter Symbol Value Unit
Receiver temperature Trec 24 K
Bandwidth ∆ f 288 MHz
Number of polarizations np 2 1
Frequency f 1400 MHz
Sampling time τsamp 0.00025 s
Gain G 0.65 K/Jy
Integration time ti 2100 s
Diagonal dispersion measure DDM 27.61 pc/cm3
System loss ι 1. 1
Min. signal to noise ratio (S/N)min 10. 1
The sky coverage
Galactic longitude range −100◦ 6 l 6 50◦
Galactic latitude range −5◦ 6 b 6 5◦
Table 4. Parkes Multibeam Survey parameters.
pulsars Nvis to the total number of pulsars Ntot is constant:
Nrealvis
Nrealtot
=
Nmodelvis
Nmodeltot
, (31)
where Nmodelvis is the number of visible pulsars in a given
model equal to 60012 and 58880 for the power-law and ro-
tational models respectively, the Nmodeltot is the total number
of simulated pulsars equal to 5.e6, the Nrealvis is the observed
sample of pulsars equal to 969 pulsars, and the Nrealtot is the
total number of real pulsar and can be written as:
Nrealtot = tmaxrSN. (32)
Where the rSN is the supernova rate per century. Thus, we
obtain our estimate:
rSN =
Nrealvis N
model
tot
Nmodelvis tmax
, (33)
which yields:
rSN =
{
0.1615/100 yr power-law model
0.1646/100 yr rotational model (34)
Our estimate do not exceed the predicted rate of core-
collapse supernova rate 0.5−1.1 per century (van den Bergh
& Tammann 1991) as well the recent estimate based on IN-
TEGRAL data for the combined type I b/c and type II
supernova rate equal to 1.9 ± 1.1 per century (Diehl et al.
2006).
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Figure 9. The probability density function of the dispersion mea-
sure in the reference ATNF subset for the Parkes Multibeam Sur-
vey and models.
5.1.9 The DM distribution
We limited our comparison space to three dimensions only
– the period P and its derivative ÛP and the radio flux S1400.
Due to restriction on the computational time of the free elec-
tron distribution model of Yao et al. (2017) we excluded the
geometrical part (galactic coordinates and dispersion mea-
sure) from our comparison space. Therefore we do not draw
any conclusion about the pulsars spatial distribution in the
Milky Way and their initial kicks, but the distances (in our
case the dispersion measure) can have implication for the
radio luminosity model. We present the model distribution
of the dispersion measure and the one of the Parkes Multi-
beam Survey in Figure 9. The model distribution and the
observed one are close even though they were not fitted.
5.2 Pulsar population with Square Kilometre
Array
A very interesting consequence of the modelling presented
here is the possibility to extend the results to the popu-
lation of pulsars observable by the Square Kilometre Array
(SKA). The SKA telescope is described in Carilli & Rawlings
(2004), Staff & Array (2015), Kramer & Stappers (2015),
and Grainge et al. (2017). We present the extrapolation of
the observable pulsar population using the two models of
pulsar luminosity considered above (the power-law model
and rotational one) with their parameters set to the most
probable values (see Table 2). We list two sets of probable pa-
rameters that describe the SKA for a mid-frequency survey
in Table 5. The first one SKA-1-Mid represents our estimate
of the initially planned SKA operation and the SKA-1-Mid-
B a more pragmatic view of the parameters. To perform the
extrapolation we compute a pulsar population of a given size
(107) for the best set of parameters for both models. We infer
what part of this population is seen in each survey (Parkes
Multibeam, SKA-1-Mid, and SKA-1-Mid-B). We then com-
pare the ratio of modelled pulsars seen in the Parkes Multi-
beam Survey to the cardinality of used subsection of the
ATNF catalogue. This ratio is considered the normalisation
constant W . In order to scale the artificial SKA observation
we restrict the SKA-1-Mid and SKA-1-Mid-B surveys to the
same part of the sky as the Parkes Multibeam Survey. Upon
scaling the SKA surveys with the normalisation constant W
we reach the estimated number of detectable single pulsars.
We present the distribution of the detectable pulsars in the
MNRAS 000, 1–16 (2020)
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Parameter Symbol Value Unit
Receiver temperature Trec 30 K
Bandwidth ∆ f 300 MHz
Number of polarizations np 2 1
Frequency f 1400 MHz
Sampling time τsampling 0.000064 s
Gain G 15 (2) K/Jy
Integration time ti 2100 s
Diagonal dispersion measure DDM 289.49 pc/cm3
System loss β 1. 1
Min. signal to noise ratio (S/N)min 10. 1
Table 5. SKA-1-Mid and SKA-1-Mid-B (in brackets) survey pa-
rameters.
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Figure 10. The distribution of pulsars radio-fluxes in the Parkes
Multibeam Survey and the prediction for the SKA-1-Mid and
SKA-1-Mid-B surveys. The total number of pulsars in Nobs is
equal to 969 for Parkes with our selection cuts. In case of the SKA
surveys the number of pulsars is 2364 and 2285 for the power-law
and rotational model, respectively. For the low-cost SKA survey
the number of pulsar is almost the same 1241 and 1229 for the
power-law and rotational model, respectively.
function of the radio-flux at Figure 10. By our estimate,
should the SKA observatory perform a survey of the same
part of sky as the Parkes Mutlibeam Survey, we would reach
an increase in detected radio pulsars by 23% or 137% for the
SKA-1-Mid-B and SKA-1-Mid survey, respectively.
6 CONCLUSIONS
We presented a radio pulsar population synthesis model
based on the one described by Faucher-Gigue`re & Kaspi
(2006). We compared it with observations using the likeli-
hood statistic and we used the Markov Chain Monte Carlo
method to explore the parameter space. We used the recent
model for the computation of the interstellar medium by Yao
et al. (2017). We compared the model with observations in
the space spanned by period, period derivative, and radio
flux. The pulsar initial parameters and their evolution are
described by five parameters. We have explored two models
with two different parametrizations of the pulsar luminosity:
the power-law model described by three additional parame-
ters and the rotational model described by two parameters.
This allowed us to the estimation of the parameters and their
confidence level. We found that the magnetic field decay is
scale quite short and is approximately 3.63+0.94−0.47 Myr in the
power-law or 4.27+0.4−0.38 Myr in the rotational model. The ini-
tial period distributions are centred around Pˆinit ≈ 30 ms and
50 ms with widths of σPinit ≈ 40 ms and 70 for the power-law
and rotational model, respectively. The initial distribution of
logarithm of magnetic field is almost identical in both mod-
els with the average log Binit ≈ 12.66 and logσBinit ≈ 0.35.
We found that the preferred values of the exponents for the
power-law radio-luminosity model are α = −0.37+0.22−0.21 and
β = 0.26+0.04−0.02, and for the model proportional to the ro-
tational energy loss is κ = 0.71+0.03−0.04. Proposed parameters
values differ from the works of Faucher-Gigue`re & Kaspi
(2006), Popov et al. (2010), Gullo´n et al. (2014), and Bates
et al. (2014). We contribute the difference to the inclusion
of the radio-flux in the space that the main statistic (used
to optimize the model) used as well as significantly large
scope of the simulations (due to the increase of the available
computational power).
In the view of the significant linear correlation between
parameters exhibited by the power-law model, and the fact
that two models lead to an almost identical population of ob-
served pulsars, we believe that the rotational model should
be preferred. We note, that even the rotational model has
some non-negligible correlation between magnetic field de-
cay time-scale and parameters describing the initial distri-
bution of magnetic field. To shed some light on the possible
cause of the parameters correlation, additional constraints
from the observation should be provided, and more sophis-
ticated description of the radio luminosity implemented.
We estimated the number of new observable pulsars,
should the SKA survey cover the same area, as the Parkes
Multibeam Survey to be increased by 23−137% depending on
the final parameters of the SKA survey. We release the Indri
code6 used in this research in hopes of contributing to the
advancement of dynamical models in the pulsar population
synthesis research field.
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APPENDIX A:
In this appendix, for the completion purpose, we present the
parts of the model that are identical to the model developed
by Faucher-Gigue`re & Kaspi (2006).
A1 The Milky Way
A1.1 The Galactic potential
We use the well-established three-component Galactic po-
tential consisting of the disk, the bulge and the halo. The
bulge ΦBulge and the disk ΦDisk gravitational potentials are
adopted after Miyamoto & Nagai (1975). The formula de-
scribing the bulge is:
ΦBulge = −
GMb√
b2
b
+ r2
(A1)
where Mb = 1.12 × 1010 M and bb = 0.277 kpc, and r =
(x2 + y2 + z2)1/2. We model the disk potential as:
ΦDisk = −
GMd√(
ad +
√
b2
d
+ z2
)2
+ ρ2
(A2)
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Arm k rad ρ0 kpc θ0 rad
Norma 4.25 3.48 1.57
Carina-Sagittarius 4.25 3.48 4.71
Perseus 4.89 4.90 4.05
Crux-Scutum 4.89 4.90 0.95
Table A1. Spiral arms parameters.
where Md = 8.78 × 1010 M, ad = 4.2 kpc and bd = 0.198 kpc,
and ρ = (x2+y2)1/2. We use the halo potential ΦHalo following
the model of Paczynski (1990):
ΦHalo = −
GMh
2rc
(
2
rc
r
arctan
(
r
rc
)
+ log
(
r2
r2c
+ 1
))
(A3)
where Mh = 5 × 1010 M rc = 6 kpc. As the associated den-
sity of the halo is diverging so we cut the halo potential at
rcut = 100 kpc, see e.g. Belczynski et al. (2010). We neglect
the dependence of the galactic potential on the individual
Galactic arms.
A1.2 The initial positions of pulsars
We adopt the initial position distribution after Faucher-
Gigue`re & Kaspi (2006) with the assumption that pulsars
are born inside the galactic spiral arms. Following them,
we exclude the Local Arm as the origin of the pulsars. The
centroids of each arm are described as logarithmic spirals
(Wainscoat et al. 1992):
θ(ρ) = k log
(
ρ
ρ0
)
+ θ0 (A4)
with their parameters listed in the Table A1. With equal
probability we chose the arm in which pulsar is born. The
distance ρraw from the centre of the Galaxy is drawn using
the stellar surface density distribution in the Galactic plane
(Yusifov & Ku¨c¸u¨k 2004):
ξ(ρraw) ∼
(
ρraw + R1
R + R1
)a
exp
(
−b
(
ρraw − R
R + R1
))
(A5)
where a = 1.64, b = 4.01, R1 = 0.55 kpc, and R = 8.5 kpc is
the distance of the Sun from the Galactic centre. We insert
the radial distance into equation A4 to obtain the position
along the spiral arm’s centroid (ρraw, θraw). This position is
then smeared by adding a correction to the angle θraw to
avoid artificial structures in the Galactic centre:
θwide = θraw + θcorr exp
−0.35ρraw
kpc
(A6)
where θcorr is randomly chosen from the interval of [0, 2pi)
radians. We introduce the internal structure of spiral arms
by displacing the initial radial position of the pulsar in
the galactic plane. We add a vector with random direc-
tion and a length drawn from a Gaussian distribution with
σ = 0.07ρraw. The resulting initial position distribution in
the Galactic plane is shown in the Figure A1. The vertical
position of the pulsar is drawn from the exponential dis-
tribution with the mean 〈z0〉 = 0.05 kpc. We populate the
Galaxy with stars by rotating spiral arms and inserting pul-
sars uniformly in time from their maximal simulated age,
max(tage) = 50 Myr ago, to a present day. We assume a sim-
ple, rigid Galactic rotation with the period of Prot = 250 Myr:
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Figure A1. Spiral Arms – initial positions distribution in the
Galactic plane of randomly drawn, 107 pulsars.
θ = θwide − 2pitage/Prot (A7)
We justify the rigid rotation assumption with the maximum
possible age of a modelled pulsar max(tage) = 50 Myr being
significantly lower then the rotation period of the Galaxy.
For the discussion of this assumption see section 5.1.7.
A1.3 The initial velocity
At birth, each pulsar is subjugated to a kick due to the
supernova explosion resulting in change in the initial veloc-
ity. We use the model of Hobbs et al. (2005) to draw the
absolute value of the kicks velocity from a one-dimensional
Maxwellian distribution with a mean 〈v〉 = 265 km/s:
Pkick(v) =
√
2
pi
v2
〈v〉3
exp
(
−v2
2 〈v〉2
)
(A8)
and a random direction. For the uniform spherical distribu-
tion of points we employ the algorithm of Marsaglia (1972).
The resulting kick vector is added to the Keplerian motion
in the Galactic potential at the neutron stars birth position.
A2 The neutron star physics
A2.1 The rotation evolution
To describe the spin-down process we use the canonical light-
house model (Ostriker & Gunn 1969). It approximates the
pulsar with magnetic dipole rotating in a vacuum and as-
sumes that the total loss of the rotation energy is emitted
in the electromagnetic spectrum. This leads to the following
relation between magnetic field induction, period and period
derivative (for details refer to Shapiro & Teukolsky (1986)
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chapter 10.5):
B =
(
3Ic3P ÛP
8pi2R6NS
)1/2
= η(P ÛP)1/2 (A9)
for a perpendicular rotator, where η ' 3.2 × 1019 G s−1/2.
A2.2 The initial parameters of pulsars
We adopted initial spin period distribution and magnetic
field strength from the optimal model by Faucher-Gigue`re
& Kaspi (2006). In case of the period it is a positive nor-
mal distribution (we redraw negative values) centred at P̂init
and with standard deviation σPinit . We initialise the mag-
netic field strength with values drawn from log-normal dis-
tribution centred at a value of log(B̂init) and with standard
deviation log(σBinit ). All four variables presented above are
used to parametrize the evolution model. We list their limits
in the Table 1.
A3 Radio Properties
A3.1 The minimal detectable flux
We follow identical prescription as Os lowski et al. (2011) to
model radio selection effects. The minimal detectable flux
of a pulsar is described by the radiometer equation (Dewey
et al. 1985) adjusted for pulsating sources:
Smin =
ι (S/N)min Tsys
G
√
npti∆ f
√
We
P −We (A10)
where the ι is a value describing system loss, Tsys is the sys-
tem temperature, G is the gain, np represents the number
of polarizations, ∆ f is the bandwidth, ti is the integration
time, (S/N)min represents the minimal signal to noise ratio,
We is the effective width of the pulse and P is the pulsar
spin period. We supply the formula with values appropriate
to the Parkes Multibeam Survey (see Table 4). For the sys-
tem temperature Tsys we consider only the sky temperature
Tsky in the direction of the measurement and the receiver
noise temperatures Trec:
Tsys = Trec + Tsky (A11)
The effective width of the pulse We is a function of the intrin-
sic width Wi, the sampling time τsamp, the pulsar dispersion
measure DM, the diagonal dispersion measure DDM (char-
acteristic to the survey) and the interstellar scattering time
τscatt describing the pulse widening due to the multipath
propagation (dissipation of the signal by the free electron
clouds in the Galaxy). The effective width We formula takes
form of:
W2e = W
2
i + τ
2
samp +
(
τsamp
DM
DDM
)2
+ τ2scatt (A12)
We obtained the interstellar scattering time τscatt using the
model developed by Bhat et al. (2004) in which τscatt is a
function of the dispersion measure DM. The minimal flux
Smin, the effective width We, the system temperature Tsys
and τscattering were calculated using the functions from the
PSREVOLVE7 code developed at the Centre for Astro-
physics and Supercomputing, Swinburne University of Tech-
nology.
This paper has been typeset from a TEX/LATEX file prepared by
the author.
7 http://astronomy.swin.edu.au/~fdonea/psrevolve.html
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